Differential subordination methods are used to obtain several interesting subordination results and best dominants for higher-order derivatives of p-valent functions. These results are next applied to yield various known results as special cases.
Motivation and preliminaries
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Several researchers have investigated higher-order derivatives of multivalent functions, see, for example, 1-10 . Recently, by the use of the well-known Jack's lemma 11, 12 , Irmak and Cho 5 obtained interesting results for certain classes of functions defined by higher-order derivatives.
Let f and g be analytic in U. Then f is subordinate to g, written as f z ≺ g z z ∈ U if there is an analytic function w z with w 0 0 and |w z | < 1, such that f z g w z . In particular, if g is univalent in U, then f subordinate to g is equivalent to f 0 g 0
More generally, let φ z be an analytic function with positive real part in U, φ 0 1, φ 0 > 0, and φ z maps the unit disc U onto a region starlike with respect to 1 and symmetric with respect to the real axis. The classes S * p φ and C p φ consist, respectively, of p-valent functions f starlike with respect to φ and p-valent functions f convex with respect to φ in U given by
These classes were introduced and investigated in 13 , and the functions h φ,p and k φ,p , defined, respectively, by
are important examples of functions in S * p φ and C * p φ . Ma and Minda 14 have introduced and investigated the classes S * φ : S * 1 φ and C φ :
Bz is the class of Janowski starlike functions cf. 15, 16 . In this paper, corresponding to an appropriate subordinate function Q z defined on the unit disk U, sufficient conditions are obtained for a p-valent function f to satisfy the subordination
In the particular case when q 1 and p 1, and Q z is a function with positive real part, the first subordination gives a sufficient condition for univalence of analytic functions, while the second subordination implication gives conditions for convexity of functions. If q 0 and p 1, the second subordination gives conditions for starlikeness of functions. Thus results obtained in this paper give important information on the geometric properties of functions satisfying differential subordination conditions involving higher-order derivatives.
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The following lemmas are needed to prove our main results. Lemma 1.1 see 12, page 135, Corollary 3.4h.1 . Let Q be univalent in U, and ϕ be analytic in a domain D containing Q U . If zQ z · ϕ Q z is starlike, and P is analytic in U with P 0 Q 0 and P U ⊂ D, then
and Q is the best dominant. 
and Q is the best dominant.
Main results
The first four theorems below give sufficient conditions for a differential subordination of the form 
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Proof. Define the analytic function P z by
Then a computation shows that
The subordination 2.2 yields
Define the function ϕ by ϕ w : 1/w. Then 2.7 can be written as zP z · ϕ P z ≺ zQ z · ϕ Q z . Since Q z / 0, ϕ w is analytic in a domain containing Q U . Also zQ z · ϕ Q z zQ z /Q z is starlike. The result now follows from Lemma 1.1.
Remark 2.2.
For f ∈ A p , Irmak and Cho 5, page 2, Theorem 2.1 showed that
However, it should be noted that the hypothesis of this implication cannot be satisfied by any function in A p as the quantity
Theorem 2.1 is the correct formulation of their result in a more general setting.
2.13
With z re iθ , note that 
In the special case q 1, this result gives a sufficient condition for the multivalent function f z to be close-to-convex. 
Proof. Define the function P z by P z f q z /λ p; q z p−q . It follows from 2.5 that
By assumption,
With ϕ w : 1/w 2 , 2.38 can be written as zP z · ϕ P z ≺ zQ z · ϕ Q z . The function ϕ w is analytic in C − {0}. Since zQ z ϕ Q z is starlike, it follows from Lemma 1.1 that P z ≺ Q z , and Q z is the best dominant.
The next four theorems give sufficient conditions for the following differential subordination
to hold.
Theorem 2.13. Let Q z be univalent and nonzero in U, Q 0 1, Q z / q − p 1, and
Proof. Let the function P z be defined by P z zf q 1 z f q z − p q 1.
2.42
Upon differentiating logarithmically both sides of 2.42 , it follows that
The equations 2.42 and 2.44 yield 
Define the function ϕ by ϕ w : 1/ w p − q − 1 . Then 2.51 can be written as zP z · ϕ P z ≺ zQ z · ϕ Q z .
2.52
Since ϕ w is analytic in a domain containing Q U , and zQ z · ϕ Q z is starlike, the result follows from Lemma 1.1.
